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Abstract. This article presents a three–echelon supply chain model consisting of a supplier, manufac-
turer, and a retailer, considering the return contract between the manufacturer and the retailer. Here,
the manufacturer has two adjacent production units – the main production unit and a refurbishment
unit. The main production unit of the manufacturer is imperfect, which produces an admixture of
perfect and defective items. He inspects all the products immediately after production and sells good
quality items to the retailer. The retailer receives a proportion of faulty products from him due to
his erroneous inspection process, which he returns after inspection. The manufacturer sends all the
defective products received from the retailer and the main production unit to the refurbishment unit for
reworking. Moreover, the learning effect of the employees on the production cost is considered. Under
these circumstances, the cost functions of each of the supply chain players have been derived. Finally,
the applicability of the proposed model has been shown using a numerical example. The sensitivity
analysis has been presented to study the effect of the parameters on the optimum decision variables.
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1. Introduction
In practice, almost every production system faces some inherent problems associated with the
production system such as machinery fault, defective raw materials, lethargy of the production
system for continuous work etc. As a natural consequence, when production is going on in the
factory, it is seen that some quantity of items produced is of imperfect quality. Therefore, re-
searchers in this era have considered the effect of imperfect production while developing supply
chain production inventory models. [13] was among the first study, which considered the im-
perfect production while developing their model. In this model, they assumed that the system
deteriorates in the production runtime when it produces a certain percentage of defective prod-
ucts with the good quality products. They showed that the optimum production cycle in this
model is shorter than that of the traditional economic production quantity model. [7] extended
the economic production lot size model considering that the performance of the production
process deteriorates significantly with the increase in the production rate. In the later time,
this model was extended by [14], incorporating the idea that the production system is in the
in-control state at the beginning of the production process, where it produces all the perfect
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quality items. The production system shifts from the in-control state to an out-of-control state
due to higher production rate and production runtime, when it produces a fraction of imperfect
quality items with the perfect items. [8] developed a lot-size model where the production pro-
cess has the probability to reach an out–of–control state and produce imperfect quality items.
In this model, they assumed that the imperfect items are not defective and therefore they are
removed from the inventory to be used elsewhere. The article on the imperfect production sys-
tem by [14] was further extended by [16] considering the dependence of the selling price on the
production cost and the screening cost of the items. Again, in the reality, it is observed that the
supply chain players commit mistakes frequently while screening the products. Some perfect
items are mistakenly sorted as imperfect, while a proportion of imperfect items are sorted as
perfect when they inspect the products. Researchers have developed the supply chain models
considering the erroneous inspection process [4, 5, 17]. Apart from the inspection error, another
important factor observed in the production system is the gradual decrease in the production
cost, which happens due to the learning effect of the employees. Because of the gaining adept-
ness of the employees with time, the wastage of raw materials or the other resources necessary
for the production decreases gradually with time. Furthermore, as they became accustomed to
the working environment, they are being capable of doing more work than the previous in the
same time period. Due to these reasons, the production cost decreases over time. A numerous
researcher has developed supply chain models taking into account the learning effect of the
employees [1, 2, 6, 9, 12, 15]. The customers are an integral part of any business, and the
revenue of any business depends solely on them. So, the vendors always try to entice them
by offering some coordination policy, such as the return policy. Under this policy, the buyers
can return the defective products to the vendors which makes an economic sense to the buyers
and are encouraged to buy more products from them [10]. [11] developed a two-echelon inven-
tory model considering both manufacturing and the remanufacturing processes with product
return. They assumed that the returned products are transformed into a serviceable one by
the remanufacturing process. In this model, it has shown that as the remanufacturing cost is
less than the cost of producing new items, it leads to a decrease in the supply chain cost. [18]
represented a pricing model consisting of a single supplier and multiple retailers, considering
the return policy, which suggested that the inventory competition can achieve a stable solution
when the enterprise adopts the buy-back policy with the pricing and the return policy.
Best known to the authors of this paper, no study previously considered the gradual decrease
in the production cost due to the learning effect of the employees, which is a genuine issue
observed in the production firm. As employees become skilful with time, the wastage of raw
materials or the other resources necessary for the production decreases gradually. Furthermore,
as they became accustomed to the working environment, they are being capable of doing more
work than the previous in the same period. Due to these reasons, the production cost decreases
over time. Moreover, no study examined the ordering and production decisions in a three-
echelon supply chain model considering the refurbishment of the defective products produced
during the production period as well as those returned from the buyer. Furthermore, despite the
importance of the refurbishment work, the role of the refurbishment unit of the manufacturer
is poorly studied. Therefore, this paper aims to address these issues.
In this model, we have developed a three-echelon supply chain model in an imperfect produc-
tion system comprising single supplier, single manufacturer and a single retailer. The manufac-
turer has two adjacent production units – the main production unit and a refurbishment unit.
He receives raw materials from the supplier and transforms these into the finished products.
As the manufacturing system is imperfect, it produces a fraction of defective products with the
perfect products. The manufacturer inspects all the products immediately after production and
sells the perfect quality products to the retailer. Due to the erroneous inspection process of the
manufacturer, the retailer receives a fraction of defective products with the perfect products.
The manufacturer offers a return policy to the retailer so that he can return all the defective
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products to the manufacturer. The manufacturer collects all the defective products from the
main production unit as well as from the retailer and sends these to the refurbishment unit.
The refurbishment unit makes all these defective products serviceable by some refurbishment
work, check its functionality and the defects, and then sells these to the customers at a reduced
price. Finally, the cost functions of each of the supply chain players, as well as the cost function
of the whole supply chain system, have been derived. We have solved this proposed model by
the Leader-Follower relationship approach.
2. Notations and assumptions
2.1. Notations
We have used the following notations to develop the model:
• I1m(t) : the inventory level at time t of the manufacturer (in the main production unit),
• I2m(t) : the inventory level at time t of the manufacturer (in the refurbishment unit),
• I1r(t) : the inventory level at time t of the retailer,
• Q : the lot size of the supplier,
• Dm : the demand rate of the manufacturer to the supplier,
• Dc : the demand rate of the customer to the retailer, which is dependent on the selling
price of the retailer, i.e. Dc = a − bSr , where a is the deterministic part of market
demand, a > 0 and b is the price sensitivity parameter b > 0.
• D′c : the demand rate of the customers for the refurbished products to the manufacturer,
• Dr : the demand rate of the retailer to the manufacturer,
• pm : the production rate of the manufacturer,
• As : the ordering cost of the supplier,
• Am : the set-up cost of the manufacturer for the main production unit,
• A′m : the set-up cost of the manufacturer for the refurbishment unit,
• Ar : the ordering cost of the retailer,
• hs : the holding cost per unit item per unit time of the supplier,
• hm : the holding cost per unit perfect item per unit time of the manufacturer (in the main
production unit),
• h′m : the holding cost per unit imperfect item per unit time of the manufacturer (in the
refurbishment unit),
• hr : the holding cost per unit item per unit time of the retailer,
• Ps : the purchasing cost per unit of the raw materials of the supplier,
• P ′s : the salvage value per unit of the defective raw materials of the supplier,
• Cs : inspection cost per unit raw material of the supplier,
• Cm : inspection cost per unit item of the manufacturer,
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• Cr : inspection cost per unit item of the retailer,
• y : the percentage of non-conforming raw materials received by the supplier,
• z : the percentage of defective products produced by the manufacturer in the main pro-
duction unit,
• x : the percentage of defective products received by the retailer,
• Cp : production cost per unit item of the manufacturer,
• fc : refurbishment cost per unit defective items of the manufacturer,
• Sm : selling price per unit item of the manufacturer, i.e. purchasing cost per unit item of
the retailer
• Sr : selling price per unit item of the retailer.
2.2. Assumptions
We have assumed the following to develop the model:
1. The manufacturer’s demand rate for raw material to the supplier is higher than the
production rate of the items, to get rid of the shortage of raw materials in the production
period, i.e., Dm ≥ pm.
2. Due to the learning effect of the employees, the production cost of the manufacturer
decreases gradually with time. Here we have assumed the production cost as
Cp = (α+ e
−βt),
where α, β > 0 are constants and β id the learning parameter.
3. Mathematical model
In this section, we have formulated the models for the supplier, manufacturer, and the retailer.
A pictorial representation of this supply chain system has been depicted in the Figure 1.
3.1. Supplier’s model
The supplier procures raw materials from an outside supplier in a lot size Q. He screens all the
raw materials immediately after receiving these and supplies the good quality raw materials
to the manufacturer. Let the fraction of defective items observed by the supplier is y. The
amount of perfect quality raw materials is (1− y)Q. The supplier sells all the raw materials to















Therefore, total cost of the supplier = (Ordering cost + Purchasing cost + Inspection cost +
The salvage value of the non-conforming raw materials + Holding cost), i.e.
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3.2. Manufacturer’s model
Mathematical model for the main production unit
The manufacturer starts producing the items at a rate pm at time t = 0 and continues up to
time t = t1. The inventory level depletes due to retailer’s demand and reaches to the zero level
at time t = t3. The following differential equations describe the rate of change of inventory





(1− z)pm −Dr, 0 ≤ t ≤ t1
−Dr, t1 ≤ t ≤ t3
(3)
with
I1m(0) = 0, I1m(t3)=0.
Solving (3) we get
I1m(t) =
{
{(1− z)pm −Dr}t, 0 ≤ t ≤ t1
−Dr(t− t3), t1 ≤ t ≤ t3
(4)
From the continuity condition of I1m(t) at t = t11 we have












































































Therefore, the total cost of the manufacturer in the main production unit:
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Mathematical model for the refurbishment unit
The manufacturer collects all the defective products from the main production unit as well as
from the retailer and sends these to the refurbishment unit. The refurbishment unit makes
all these defective products usable and sells these directly to the customers at a rate D′c. The




 (zpm + xDr)−D
′
c, 0 ≤ t ≤ t1
xDr −D′c, t1 ≤ t ≤ t3
−D′c, t3 ≤ t ≤ tm
(7)
with boundary conditions I2m(0) = 0, I2m(t1) = (zpm +xDr −D′c)t1, I2m(tm) = 0. Solving (7)
we have:
I2m(t) =
 (zpm + xDr −D
′
c)t, 0 ≤ t ≤ t1
(xDr −D′c)t+ zpmt1, t1 ≤ t ≤ t3
−D′c(t− tm), t3 ≤ t ≤ tm
(8)
From the continuity condition of I2m(t) at t = t3 we have:















































(zpm + xDr −D′c)t21 + (xDr −D′c)(t23 − t21) + 2zpmt1(t3 − t1) +D′c(t3 − tm)2
]
.
Putting the values of t1, t3 and tm from the equations (1), (5), and (9) respectively and
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Therefore, total cost of the manufacturer:





















































He starts purchasing the items at time t = 0 and continues up to time t = t3. The level of the
retailer’s inventory depletes due to the customers’ demand and reaches to the zero level at time





(1− x)Dr −Dc, 0 ≤ t ≤ t3
−Dc, t3 ≤ t ≤ T
(11)
with
I1r(0) = 0, I1r(T ) = 0.





{(1− x)Dr −Dc}t, 0 ≤ t ≤ t3
−Dc(t− T ), t3 ≤ t ≤ T
(12)
From the continuity condition of I1r(t) at t = t3 we have:






(1− x)(1− y)(1− z)pmQ
DmDc
. (13)
Ordering cost of the retailer:
= Ar.
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Purchasing cost:
= Sm(1− x)Drt3 =





























{(1− x)Dr −Dc}t23 +Dc(t3 − T )2
]
= hr
(1− x)(1− y)2(1− z)2{(1− x)Dr −Dc}P 2mQ2
2D2mDrDc
.
Therefore, total cost of the retailer per unit time:








(1− x)(1− y)2(1− z)2{(1− x)Dr −Dc}P 2mQ2
2D2mDrDc
.
Figure 1: Pictorial representation of the model
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4. Solution method
Leader-follower relationship
The members of competing supply chains do not always take their decision simultaneously
and in the reality, we confront with the leader-follower relationship in many cases. Under this
theory, the leaders and the followers maintain a relationship through negotiation to decide what
each party is willing to exchange [3]. In this model, the supplier is to invest in inspecting the raw
materials as he supplies only good quality raw materials. Therefore, we consider the supplier
as the manufacturer’s leader. Again, under the return contract offered by the manufacturer,
the retailer can return the defective products to him. For providing such facility, we consider
the manufacturer as the retailer’s leader. First, the supplier decides on his decision variable by
optimizing his own cost. Then the manufacturer determines his decision variable and optimizes
his total cost using the supplier’s optimum decision variable. Finally, the retailer’s total cost
is obtained depending on the optimum values of the supplier and the manufacturer’s decision
variables. Therefore, here the manufacturer follows the supplier and the retailer follows both
the supplier and the manufacturer.
In this model, the supplier provides only the good quality raw materials to the manufacturer
and to do so he is to invest on inspecting the materials. Again, the manufacturer offers a return
policy to the retailer so that he can return the defective products to him. Due to these facts we
consider the supplier and the manufacturer as the leaders and the retailer as the follower. Here,
Q is the supplier’s decision variable. As in this case, the supplier decides on his own decision






























This proves that the supplier’s cost function is convex. Therefore, we get the optimum value
of Q by equating the right-hand side of equation (16) to zero. Again, the manufacturer’s total








































D′c(1− y)(1− z){(1− z)pm −Dr}Q












Dm{x(1− z) + z}
+
D′c(xDr −D′c)(1− y)(1− z)2pmQ











{x(1− z) + z}Dm
}
.
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Differentiating the manufacturer’s cost function TCml twice with respect to pm we have:
∂(TCml)
∂pm

















Dr{x(1− z) + z}
+
D′c(xDr −D′c)(1− z)2

























{x(1− z) + z}(1− y)Qp3m
> 0.
This proves that the manufacturer’s cost function is convex. We can get the optimum value of
the manufacturer’s decision variable by equating the right-hand side of equation (17) to zero.











+ SmDc + hr
(1− y)(1− z){(1− x)Dr −Dc}pmQ
2DmDr
.
The retailer’s optimum total cost per unit time is obtained using optimum values of Q and pm.
Backward induction
In this method, we start the solution procedure from the follower (i.e. the retailer) and
determine its optimal decisions on the lot size Q of the supplier and the production rate of
the manufacturer. Then, we derive the optimal costs of the supplier and the manufacturer
depending on the decisions taken by the retailer. Differentiating the retailer’s cost function per




(1− x)(1− y)(1− z)pmQ2
+ hr








(1− x)(1− y)(1− z)pmQ3
> 0.




(1− x)(1− y)(1− z)p2mQ
+ hr








(1− x)(1− y)(1− z)p3mQ
> 0.
Therefore, it is proved that the retailer’s cost function is convex with respect to the manufac-
turer’s production rate.
The optimum values of Q and pm can be obtained by equating the right-hand side of the
equation (18) and (19) to zero and we can determine the optimum total cost of the supplier
and the retailer by using these values.
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5. Numerical example
Example 1. We have proposed the following numerical example to illustrate the applicability
of the proposed model. The values of the variables are taken as: ps = 6, As = 180, p
′
s = 2, Cs =
0.5, hs = 2, Am = 300, Dm = 60, Dr = 48, D
′
c = 9, x = 0.2, y = 0.06, z = 0.1, α = 20, β =
0.02, Cm = 0.7, hm = 4, h
′
m = 3, fc = 5, Ar = 150, A
′
m = 100, Sm = 40, Cr = 0.8, hr =
3, a = 35, b = 0.05, Sr = 60.
Q∗ p∗m TCs TCm TCr TC
110.56 56.51 615.08 878.22 1397.55 2890.85
Table 1: Optimum results of Example 1
Again, using the above parameter values, we get different results for the backwards induction
method, which are shown in Table 2.
Q∗ p∗m TCs TCm TCr TC
85.31 144 622.10 965.84 1381.28 2969.22
Table 2: Optimum results for backwards induction method
We observe from Tables 1–2 that when the supplier and the manufacturer takes the decisions,
then the costs of these two partners, as well as the cost of the total supply chain system are
lower than those in the backwards induction method, i.e., this supply chain system performs
better if the supplier and the manufacturer take the decisions.
6. Sensitivity analysis
Here we have discussed the changes in the optimal decision variables with the changes in
different parameters involved in this model. We have used Example 1 for the values of the
different parameters. In this model the retailer just follows the supplier and the manufacturer,
he doesn’t have any decision variable. So, we have studied the effect of changes in the parameters
only on the supplier and the manufacturer’s decision variables.
The effect of the parameters y, Dm, and hs on the optimal lot size Q of the supplier and
the total cost TCs of the supplier are depicted in Table 3.
Changing parameter Change in parameter Q∗ TC∗s
0.06 110.56 615.08








hs 2.0 110.56 615.08
2.5 98.88 639.61
3.0 90.27 661.79
Table 3: Effect of parameters on the supplier’s optimal solution
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Here we have studied the effect of the parameters y, Dm, hm and k on the optimal production
rate pm of the manufacturer and the total cost TCm of the manufacturer. The results are
presented in Table 4.
















h′m 3 56.51 878.22
4 54.78 883.70
5 53.21 888.94
Table 4: Effect of parameters on the manufacturer’s optimal solution
6.1. Observations
From the tables, it is observed that:
• The order lot-size of the supplier and his total cost both increase with the increase of the
parameters y and the demand rate of the manufacturer to the supplier (Dm). This result
is quite realistic as if the amount of the defective raw material observed by the supplier
increases, then the supplier tries to increase the order lot-size to get rid of the shortage.
On the other hand, if the demand rate of the manufacturer to the supplier increases, then
the supplier also has to order rawer materials for the smooth and efficient supply of raw
material to the manufacturer. The increases in the total cost of the supplier for both the
cases is obvious.
• If the holding cost of the supplier increases, then the supplier procures a lower quantity
of raw materials and the total cost of the supplier increases in this case.
• With the increase in the parameter y the production rate of the manufacturer increases.
This result is desirable because from the equation (1) it is observed that the manufacturer’s
production time decreases with the increase in y. So, to build an adequate inventory level,
it is wise for the manufacturer to increase his production rate. Therefore, the total cost
of the manufacturer increases.
• As the rate of procurement of raw material of the manufacturer increases, the production
rate of the manufacturer and his total cost both increases.
• The manufacturer decreases his production rate as the holding cost for both the perfect
and defective products (hm and h
′
m) increase. With the increase in h
′m, the manufac-
turer’s total cost increases, but it decreases with the increase in hm.
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7. Conclusion
This article presents a three-echelon supply chain model consisting of a single supplier, single
manufacturer and a single retailer. This research work includes some practical implications like–
inspection error and learning effect of the employees. Besides, the manufacturer maintains an
integration with the retailer by offering him a return contract. Moreover, if the manufacturer
sells the defective products to the customers, it may impact badly on the company’s brand
reputation. Keeping in mind this fact, the manufacturer reworks all the defective products and
sells these directly to the customers as the refurbished products at a reduced price (as these
products may still fail to work properly in their useful life).
We have derived the cost functions of each of the supply chain players and studied the effect
of the different parameters on their optimum decision variables. We have solved this model
using leader-follower relationship approach and compared the results with backwards induction
method. This model can be extended in various ways. Most importantly, we can extend this
model by adding one or more supply chain players. Besides, we can consider the customers’
demand for the product to the retailer as fuzzy, stochastic, stock dependent etc.
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